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Unsteady Transonic Airfoil Computation Using Implicit Euler
Scheme on Body-Fixed Grid

Osama A. Kandil* and H. Andrew Chuangt
Old Dominion University, Norfolk, Virginia

The unsteady Euler equations have been derived for the flow relative motion with respect to a frame of
reference that is rigidly attached to the moving airfoil. The resulting equations preserve the conservation form.
The grid is generated once by an elliptic solver without any need for dynamic grid computation. An implicit
approximately factored finite-volume scheme has been developed and implemented through a fully vectorized
computer program. The scheme is based on the spatial approximate factorization of Beam and Warming.
Implicit second-order and explicit second- and fourth-order dissipations are added to the scheme. The boundary
conditions are explicitly satisfied. The scheme is applied to steady and unsteady transonic rigid-airfoil flows. For
forced harmonic airfoil motions, periodic solutions are achieved within the third cycle of oscillation. The results
are in good agreement with the experimental data.

Introduction

THE problem of accurate prediction of the unsteady tran-
sonic airfoil flows remains a challenging problem to the

community of computational fluid dynamics. In addition to
the flow complexity due to the mixed subsonic and supersonic
regions, the unsteady transonic flow problem includes moving
shocks with time-dependent strengths, as well as time-depen-
dent vortex shedding, which originates from shock and sepa-
ration regions.

The majority of existing work is based on the unsteady
transonic small-disturbance (UTSD) theory.1'5 The UTSD
equations are derived under the transonic expansion approxi-
mations; hence, they are limited to small disturbances and
cannot treat flows with strong shocks or large reduced fre-
quencies. Improved accuracy is obtained by using the un-
steady full-potential (UFP) equations,6'9 which require more
computational time. Much as with the UTSD formulation, the
UFP formulation suffers from the isentropic flow assump-
tion, which limits the application of UFP equations. Nonisen-
tropic flow corrections of the unsteady potential formulation
recently have been added to the UTSD and UFP equations to
improve their accuracy for flows with strong shocks.10'11 The
effect of viscosity also has been incorporated by using an
integral boundary-layer model.12'15

The unsteady Navier-Stokes equations represent the best
mathematical model for the unsteady transonic flow since they
properly model the shock development and motion, shock/
boundary-layer interaction, entropy evolution, and vorticity
shedding. The time-accurate solution of the Navier-Stokes
equations is computationally expensive because of the need
for resolving the flow on a fine grid, particularly when the
Reynolds number is large. Solutions of the full Navier-Stokes
equations have been presented for a NACA 0015 airfoil at a
constant pitch rate in a low-subsonic laminar flow.16 The
numerical solution has been obtained by using an implicit
approximate-factorization algorithm17 on a moving grid. Very
recently, the thin-layer Navier-Stokes equations have been
solved for unsteady laminar and turbulent transonic flows
past a pitching NACA 0012 airfoil and for unsteady low-sub-
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sonic flows past a NACA 0015 airfoil at a constant pitch
rate.18 The latter case is the same application considered in
Ref. 16. The numerical solution has been obtained by using
the flux-vector splitting and the flux-difference splitting meth-
ods extended for dynamic meshes.19 In Ref. 18, it is noted that
different turbulence models give different normal-force and
pitching-moment coefficients.

Numerical solutions of the unsteady Euler equations are less
expensive than those of the unsteady Navier-Stokes equations.
For the unsteady transonic flow, the unsteady Euler equations
adequately model most of the real flow features, with the
exception of viscous effects whenever they are substantial. The
Euler equations model shock waves and their motion, entropy
increase across shocks and entropy gradient, and vorticity
production and convection behind shocks, as can be seen from
Crocco's theorem and the inviscid vorticity transport equa-
tion. Recently, successful time-accurate solutions of the un-
steady Euler equations have been presented for pitching air-
foils19 and wings in transonic flows,20 and for the rolling
oscillation of delta wings—a vortex-dominated flow problem
in a locally conical supersonic flows.21 To the best of bur
knowledge, Ref. 21 is the first work done for unsteady vortex-
dominated flows with shock waves, which is directly applica-
ble to maneuvering delta wings.

In this paper, we present an implicit approximately-factored
finite-volume scheme for the time-accurate numerical solution
of the unsteady Euler equations of the flow relative motion
with respect to an airfoil-fixed frame of reference. The scheme
is applied to steady and unsteady transonic flows around a
NACA 0012 airfoil. For the unsteady flows, the airfoil is in
pitching oscillation about a small and moderate mean angle of
attack at a large amplitude. The computational results are
compared with the experimental data.

Formulation
The strong conservation form of the unsteady Euler equa-

tions of the flow relative motion with respect to a rotating
frame of reference is given by21

(1)

3
dt + V • (p VrVr + pi) = -pfaxr + ItixV, + ux(uxr)]

(2)

d'(oe
at

-^ + V • (phrVr) = -p[Vr • (iixf) + (coxr) - (iixf)} (3)
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In Eqs. (1-5), p is the density, Fthe absolute flow velocity, Vr
the relative flow velocity, p the pressure, / the identity tensor,
r the position vector of a fluid particle with respect to the
rotating frame of reference, and y the ratio of specific heats;
co and co the angular velocity and angular acceleration of the
rotating frame of reference, e and h the total energy and total
enthalpy per unit mass, and er and hr the energy and rothalpy
referred to the rotating frame of reference. The prime refers to
the time derivative with respect to the rotating frame of refer-
ence. Details of the derivation of Eqs. (1-5) are given by the
authors in Ref. 21.

Method of Solution
For a two-dimensional flow around a pitching airfoil, the

abstract conservative form of Eqs. (1-3) in terms of the Carte-
sian coordinates (x ',y ') of the rotating frame of reference is
given by

dt' dx' dy'

qr = (p, pur, pvr, per)f

Er = (pur, pu2 + p, purvr, purhry

s = [0, p(ay ' + 2avr + a2x'), p( — ax' — 2aur + 6i:

2 2

yp
p(y-

u2 + v2 1 .9 / ,,' --a2(x'2
2 2

,,_+y'2)

(6)

(7)

(8)

(9)

i

(10)

(H)

(12)

The source terms s of Eq. (10) has been written for a pitching
motion at an angular velocity and angular acceleration of
6? = 6ik and i = ak, where ot(t) is the angle of attack. The
dimensionless freestream velocity is given by

£00 = cosa ? — sine* j (13)

where ? and j are the base unit vectors of the x 'y ' frame of
reference. It should be noticed here that the purpose behind
writing the equations in the rotating frame of reference is to
eliminate the need for computing the grid motion. Next, we
give highlights of the implicit scheme. The scheme is an im-
plicit factored finite-volume scheme based on the spatial ap-
proximate factorization of Beam and Warming.17 Introducing
the time-independent body-conformed coordinate system £'
and rj' in the rotating frame of reference, Eqs. (6-10) are
transformed to

d'Q r

dt' (14)

Qr = J ~ l ( p , pur, pvr, pery (15)

Er = J~l(pUr, PUrUr + &P, pVrUr + typ, PUrhr)f (16)

Fr = r, purVr , pvrVr , pVrhr)( (17)

(18)
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Fig. 2 Surface pressure distribution, NACA 0012, Moo = 0.75, a = 2
deg.
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Fig. 3 Lift and pitching-moment coefficients, NACA 0012,
Moo = 0.755, am = 0.016 deg, «0 = 2.51 deg, k = 0.0814, At = 0.005.
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Fig. 4 Unsteady surface pressure distribu-
tion, NACA 0012, Moo = 0.755, aw = 0.016
deg, e*o = 2.51 deg, k =0.0814, A* = 0.02.
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where

Ur = &ur

The implicit approximately factored finite-volume scheme of
Eq. (14) in the delta form is given by

(19)

(20)

(21)

(22)

/ / in H?

x A# - l W (23a)
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Fig. 5 Unsteady surface pressure distribution,
NACA 0012, Moo = 0.755, am = 0.016 deg,
ao = 2.51 deg, k = 0.0814, At = 0.005.
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(23b)

where A?, B?, and H" are the Jacobian matrices dEr/dqr,
dFr/dqr and dS/dqr, respectively, 6^ and 6^ the three-point
central-difference operators, and Dm and De the implicit and
explicit dissipation operators, respectively. The implicit dissi-

pation operators are given by

/. CFL
(24)

where V and A are simple backward and forward difference
operators, em the implicit damping coefficient, and CFL is the
Courant-Friedricks-Lewy number. The explicit dissipation op-
erator De of Eq. (23) consists of the second- and fourth-order
dissipation terms (with damping coefficients of e2 and e4),
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which have been used earlier in the explicit scheme of Ref. 21.
The solution of Eq. (23) is accomplished through two sweeps;
one in the £' direction and the other in the ??' direction. Once
this is accomplished, we obtain q" + l by using

(25)

The pressure p then is calculated from Eq. (11).

Boundary Conditions
The surface boundary condition is enforced explicitly

through the normal momentum equation

~-on
where

rr-(Vr • Vri)-pri-at (26)

at = i X f + 2o> X Vr + oj X (o> X r)

and n is the unit normal of the airfoil surface. Also, the
far-field boundary conditions are enforced explicitly. In the
present application, subsonic flow in the far field is considered
and, hence, the inflow-outflow boundary conditions are based
on the Riemann invariants R^ and /?/ for one-dimensional
flow normal to the boundary, which are given by

' (TPoo/Poo)
1/2

• n +
7-1

1/2

(27)

(28)

where n is the unit normal of the outer boundary of the
computational region and the subscripts oo and / refers to the
far-field conditions and the values extrapolated from the inte-
rior cells at the boundary, respectively. Thus, the inflow
boundary conditions are given by

(V-ri)b =

Jl 4

(29a)

(29b)

(29c)

(29d)

where b refers to the boundary and 1 is a unit vector tangential
to the boundary. For the outer flow boundary conditions, the
subscript oo in Eqs. (29c) and (29d) is replaced by the subscript
/. Equations (29a-29d) give a complete definition of the flow
at subsonic boundaries.

The grid is generated by an elliptic solver. Figure 1 shows a
typical C grid for the NACA 0012 airfoil with 64 x 128 cells in
the lateral direction and around the airfoil, respectively. The
computational domain extends 20 chords ahead of the airfoil
and 25 chords behind the trailing edge. A blowup of the grid
also is shown in Fig. 1. The implicit scheme has been coded
through a fully vectorized computer program for the VPS-32
computer of the NASA Langley Research Center.

Computational Results
The implicit computer program has been used to calculate

steady and unsteady transonic airfoil flows around a NACA
0012. The implicit and explicit dissipation coefficients have
constant values for all the computed cases. Their values are
em = 0.25, e2 = 0.25, and e4 = 0.004. A C grid of 64 x 128 has
been used for all the results given here.

Steady Transonic Flow
Several steady transonic airfoil flows have been computed

to validate the computer program. Figure 2 shows a sample of
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Fig. 6 Lift and pitching-moment coefficients, NACA 0012,
Moo = 0.6, am = 4.86 deg, «0 = 2.44 deg, k = 0.081, At = 0.01.

the results of the surface pressure for a NACA 0012 at a
freestream Mach number, M^ = 0.75, and at an angle of
attack, a = 2 deg. This case is computed with a CFL number
of 100. The computed results are compared with experimental
data taken from Ref. 22. The results are in good agreement
with the experimental data, with the exception of the upper
surface pressure behind the shock, where the numerical solu-
tion shows a stronger shock than the experimental one. Now
that we have established confidence in the scheme and the
computer program, we next consider unsteady transonic air-
foil flows.

Unsteady Transonic Flow
Two unsteady transonic airfoil flows have been computed,

and the results have been compared with the experimental data
of Ref. 23. The airfoil is given a pitching oscillation around an
axis at the quarter-chord length. The angle of attack a(t) is
given by

a(t) = a kt} (30)

where am is the mean angle of attack, QJO the amplitude, and k
the reduced frequency [ = (k*/uJ)(C/2), k* = frequency,
C = chord length]. The initial conditions correspond to the
steady flow solution at the mean angle of attack oim.

Figure 3 shows the computed periodic normal force CN and
pitching-moment CM coefficients for Mx = 0.755, am = 0.016
deg, oiQ = 2.51 deg and k =0.0816. This case has been com-
puted with a time step A/ = 0.005. The experimental data23 of
this case also are given in Fig. 3. The computed results show
good agreement with the experimental data at several loca-
tions of the cycle. The computations also are repeated for the
same case using a coarser time step of A/ = 0.02. No apprecia-
ble differences are found when these results are compared with
the small time-step results. Figures 4a-4h and 5a-5h show the
corresponding computed unsteady surface pressure for At =
0.02 and 0.005, respectively. In these figures the experimental
data23 also are shown. Comparing the surface pressures of
Figs. 4 and 5, we notice the slightly smaller shock strengths for
At = 0.02. The computed results are in good agreement with
the experimental data, with the exception of the results at
a = 1.0925 deg (Fig. 4a) and at a = 1.0905 deg (Fig. 5a) in the
range of x/c of 0.1-0.4. It should be noticed that the com-
puted results agree with the experimental data for the corre-
sponding negative angles of attack; a = — 1.2472 deg (Fig. 4e)
and a= —1.2494 deg (Fig. 5e). These results raise doubts
about the experimental data at a = 1.0925 deg (Figs. 4a and
5a).
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Figure 6 shows the computed periodic normal-force and
pitching-moment coefficients, CN and CM for M^ - 0.6,
aw = 4.86 deg, ot0 = 2.44 deg and k = 0.081. This case has
been computed with a time step of At = 0.01. The experimen-
tal data of this case also are shown in Fig. 4. The computed CN
is in good agreement with the experimental data, with the
exception of the high angle of attack range. The computed CM
is lower than that of the experimental data. Figures 7a-7h
shows the corresponding computed unsteady surface pressure.
For the high angle of attack range, the computed surface
pressure is under predicted at the peak values whereas, for the
low angle of attack range, the computed surface pressure is in

good agreement with the experimental data. For the high angle
of attack range, we attribute the discrepancies to the viscous
effects of flow separation and the grid coarseness as well.

The periodic solutions of the two cases just considered have
been obtained within the third cycle of oscillation. For
At = 0.01 of the second case, each cycle of oscillation takes
about 5292 time steps. The computational speed on the VPS-
32 averages approximately 1400 s of CPU time/cycle of oscil-
lation. It should be noted here that the Jacobian of the inviscid
fluxes has been computed at each time step and that no
attempt has been made to freeze these computations for a few
time steps.
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Concluding Remarks
An implicit approximately factored finite-volume scheme

has been presented to obtain the time-accurate solution of the
unsteady Euler equations. The unsteady Euler equations have
been derived for the flow relative motion around airfoils. The
resulting equations preserve the conservation form, and they
reduce to the conservative form of the steady flow equations
for a uniformly translating airfoil. For rigid airfoils, no dy-
namic grid computation is needed since the grid is rigidly
attached to the airfoil, as can be seen from the formulation.
The boundary conditions are explicitly enforced in the present
work. The scheme has been applied to steady and unsteady
transonic flows around a NACA 0012. The results are in good
agreement with the experimental data, with the exception of
the high angle of attack range, where the inviscid Euler equa-
tions cannot handle smooth surface separation. For the un-
steady flows, the use of small time steps slightly improves the
shock strength, but it does not change the normal-force or
pitching-moment coefficients. The present implicit code is
computationally efficient and currently is being extended to
treat the three-dimensional, unsteady, transonic vortex flows
around sharp-edged delta wings.
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